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ABSTRACT 

We apply a nonstandard discretization scheme to continuous Volterra integro-

differential equations and we show that under this discretization, the necessary 

and sufficient conditions for uniform asymptotic stability of continuous 

Volterra integro-differential equations are preserved. Our analysis is based on 

the notion of resolvent. An example is provided as an application to our theory. 

1991 Mathematics Subject Classification. Primary: 39A10, 34A97. 

 

 

©2026 Raffoul et al. Published by Avanti Publishers. This is an open access article licensed under the terms of the Creative Commons Attribution 

Non-Commercial License which permits unrestricted, non-commercial use, distribution and reproduction in any medium, provided the work is 

properly cited. (http://creativecommons.org/licenses/by-nc/4.0/) 

https://www.avantipublishers.com/
https://doi.org/10.15377/2409-5761.2026.13.2
http://creativecommons.org/licenses/by-nc/4.0/
https://orcid.org/0000-0002-2154-9049
https://orcid.org/0000-0001-8015-4226
https://orcid.org/0000-0002-7385-6737
https://orcid.org/0000-0003-3023-5225


Raffoul et al.  Journal of Advances in Applied & Computational Mathematics, 13, 2026 

 

18 

1. Introduction 

In this paper we apply a nonstandard discretization scheme to a Volterra integro-differential equation to form a 

Volterra discrete system. By using resolvent equations, we will show that under the same conditions on some of the 

coefficients necessary and sufficient conditions for the uniform asymptotic stability of the zero solution are 

preserved in both systems.  

This paper is motivated by the work of [1-3]. In [1], the authors gave a survey of nonstandard schemes for 

biological models and proposed an open problem for obtaining a nonstandardized scheme for Volterra integro-

differential equations that preserve certain qualitative properties of the solutions. 

W. Kahan [4] considered the system of differential equations  

 {
𝑥 ′(𝑡) = 𝛼𝑥 + 𝛽𝑥𝑦

𝑦′(𝑡) = 𝛾𝑦 + 𝛿𝑥𝑦
 (1) 

and used the discretization scheme  

𝑥(𝑡 + ℎ) − 𝑥(𝑡)

ℎ
=

𝛼

2
[𝑥(𝑡 + ℎ) + 𝑥(𝑡)] +

𝛽

2
[𝑥(𝑡 + ℎ)𝑦(𝑡) + 𝑥(𝑡)𝑦(𝑡 + ℎ)] 

𝑦(𝑡 + ℎ) − 𝑦(𝑡)

ℎ
=

𝛾

2
[𝑦(𝑡 + ℎ) + 𝑦(𝑡)] +

𝛿

2
[𝑥(𝑡 + ℎ)𝑦(𝑡) + 𝑥(𝑡)𝑦(𝑡 + ℎ)] 

to approximate model (1), where the step size ℎ satisfies 0 < ℎ < 1. A careful examination of [4] by Sanz-Serna [5] 

revealed that the discretization of equation (1) by Kahan provided a symplectic numerical integration scheme. Next, 

Mickens [6], using his nonstandard finite difference (NSFD) methods, showed that another unconventional scheme 

existed for equation (1), such that for the case of Lotka-Volterra equations the neutral stability periodic solutions 

could be reproduced by this discretization. This work was subsequently extended by Mounim and De Dormale [7] 

who constructed additional NSFD schemes which greatly improved the accuracy of numerical solutions. 

For motivational purposes, consider the differential equation  

 𝑥 ′(𝑡) = 𝑎𝑥(𝑡),  𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑎 < 0. (2) 

Then, all solutions 𝑥(𝑡) of (2) satisfy  

 𝑥(𝑡) → 0𝑎𝑠 𝑡 → ∞. 

Consider the approximations  

 𝑥 ′(𝑡) ≈
𝑥(𝑡+ℎ)−𝑥(𝑡)

𝛷(ℎ)
,  𝑥(𝑡) ≈

𝑥(𝑡+ℎ)+𝑥(𝑡)

2
, (3) 

where 𝛷(ℎ) is continuous, ℎ > 0 and 𝛷(ℎ) = ℎ + 𝑂(ℎ2). Note that the approximations when 𝛷(ℎ) = ℎ + 𝑂(ℎ2) are 

more accurate than the approximations when 𝛷(ℎ) = ℎ. Applying the approximations given by (3) to equation (2) 

we obtain the analogous discrete system  

 𝑥(𝑛 + 1) =
2+𝑎𝛷(ℎ)

2−𝑎𝛷(ℎ)
𝑥(𝑛), (4) 

where 𝑥(𝑛 + 1) = 𝑥(𝑡 + ℎ) and 𝑥(𝑛) = 𝑥(𝑡). All solutions 𝑥(𝑛) of (4) satisfy 𝑥(𝑛) → 0𝑎𝑠 𝑛 → ∞, provided that  

 |
2+𝑎𝛷(ℎ)

2−𝑎𝛷(ℎ)
| < 1. (5) 

 



Nonstandard Discretization of Volterra Equations Raffoul et al. 

 

19 

Note that condition (5) holds for all 𝑎 < 0 and 𝛷(ℎ) > 0. Thus, we see that the discretization scheme defined by 

(3) preserved the stability of the zero solution of (2). 

For more on the use of nonstandard discretization, we refer the reader to [1] and [8]. 

In [2], the authors considered the nonlinear Volterra integro-differential equation  

 𝑥 ′(𝑡) = 𝑎𝑥(𝑡) + ∫ 𝐵
𝑡

0
(𝑡, 𝑠)𝑓(𝑠, 𝑥(𝑠))𝑑𝑠,  𝑡 ≥ 0. (6) 

They used 

 𝑥 ′(𝑡) ≈
𝑥(𝑡+ℎ)−𝑥(𝑡)

ℎ
,  𝑥(𝑡) ≈

𝑥(𝑡+ℎ)+𝑥(𝑡)

2
,  0 < ℎ < 1 (7) 

along with  

 ∫ 𝐵
𝑡

0
(𝑡, 𝑠)𝑓(𝑠, 𝑥(𝑠)) 𝑑𝑠 ≈ ∑ 𝐵𝑡

𝑠=0 (𝑡, 𝑠)𝑓(𝑠, 𝑥(𝑠)), (8) 

and arrived at the corresponding discrete Volterra equation,  

 𝑥(𝑛 + 1) =
2+𝑎ℎ

2−𝑎ℎ
𝑥(𝑛) +

2ℎ

2−𝑎ℎ
∑ 𝐵𝑛

𝑠=0 (𝑛, 𝑠)𝑓(𝑠, 𝑥(𝑠)),  𝑛 ≥ 0, (9) 

where 𝑥(𝑛 + 1) = 𝑥(𝑡 + ℎ),  𝑥(𝑛) = 𝑥(𝑡) and 0 < ℎ < 1. We recall that 𝛷(ℎ) is required to be continuous with ℎ > 0 and 

𝛷(ℎ) = ℎ + 𝑂(ℎ2). For example, 𝛷(ℎ) can be taken as 𝛷(ℎ) = (1 − 𝑒−𝑎ℎ)/ℎ. By the aid of suitable Lyapunov functionals 

they showed that under discretizations (7) and (8), stability and boundedness of solutions of (9) were preserved. 

In a later note by Mickens [3], the author substituted discretization (8) with  

 ∫ 𝐵
𝑡

0
(𝑡, 𝑠)𝑓(𝑠, 𝑥(𝑠)) 𝑑𝑠 ≈ ∑ 𝐵𝑡

𝑠=0 (𝑡, 𝑠)𝑓(𝑠, 𝑥(𝑠))ℎ. (10) 

The main contribution of this paper is to construct a nonstandard discretization scheme for scalar Volterra 

integro-differential equations that preserves uniform asymptotic stability. By developing discrete resolvent 

equations, we prove that stability properties of the continuous system are retained in the discrete counterpart. 

We are ready to make the following definition. 

Definition 1 A resulting difference equation is said to be consistent with respect to property 𝑃 under a given 

discretization scheme with its continuous counterpart if they both exhibit property 𝑃 under equivalent conditions.  

Based on Definition 1, we see that (4) is consistent with respect to asymptotic stability with (2) under 

discretization (3).  

2. Uniform Stability Analysis via the Resolvent Approach 

Consider the system of linear Volterra integro-differential equations  

 𝑥 ′(𝑡) = 𝐴(𝑡)𝑥(𝑡) + ∫ 𝐵
𝑡

0
(𝑡, 𝑠)𝑥(𝑠)𝑑𝑠 (11) 

where 𝐴, 𝐵 are 𝑛 × 𝑛 matrix functions, 𝐴(𝑡) is continuous on [0, +∞),  𝐵(𝑡, 𝑠) is continuous for 0 ≤ 𝑠 ≤ 𝑡 < +∞. 

The resolvent equations of (11) are  

 
𝜕𝑅(𝑡,𝑠)

𝜕𝑠
= −𝑅(𝑡, 𝑠)𝐴(𝑠) − ∫ 𝑅

𝑡

𝑠
(𝑡, 𝑢)𝐵(𝑢, 𝑠)𝑑𝑢,    𝑅(𝑡, 𝑡) = 𝐼 (12) 

for 𝑡 ≥ 𝑠 ≥ 0, or  
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𝜕𝑅(𝑡,𝑠)

𝜕𝑡
= 𝐴(𝑡)𝑅(𝑡, 𝑠) + ∫ 𝐵

𝑡

𝑠
(𝑡, 𝑢)𝑅(𝑢, 𝑠)𝑑𝑢,    𝑅(𝑠, 𝑠) = 𝐼 (13) 

for 𝑡 ≥ 𝑠 ≥ 0, where 𝐼 is the 𝑛 × 𝑛 identity matrix. Similarly, it was proven in [9] that the resolvent matrix 𝑅(𝑛, 𝑠) of 

the Volterra difference equation  

 𝑥(𝑛 + 1) = 𝐴(𝑛)𝑥(𝑛) + ∑ 𝐵𝑛
𝑠=0 (𝑛, 𝑠)𝑥(𝑠) (14) 

satisfies the resolvent matrix equation  

 𝑅(𝑛 + 1, 𝑠) = 𝐴(𝑛)𝑅(𝑛, 𝑠) + ∑ 𝐵𝑛
𝑢=𝑠 (𝑛, 𝑢)𝑅(𝑢, 𝑠) (15) 

if 𝑠 ≤ 𝑛, 𝑅(𝑠, 𝑠) = 𝐼 and 𝑅(𝑛, 𝑠) = 0 if 𝑛 < 𝑠. In [10] it was also proven that the resolvent 𝑅(𝑛, 𝑠) satisfies  

 𝑅(𝑛, 𝑠 + 1)(𝐴(𝑠) − 𝐼) + ∑ 𝑅(𝑛, 𝑢 + 1)𝑛−1
𝑢=𝑠 𝐵(𝑢, 𝑠) + 𝛥𝑠𝑅(𝑛, 𝑠) = 0 (16) 

if 𝑠 ≤ 𝑛, 𝑅(𝑛, 𝑛) = 𝐼 and 𝑅(𝑛, 𝑠) = 0 if 𝑛 < 𝑠, where Δ𝑠𝑅(𝑛, 𝑠) = 𝑅(𝑛, 𝑠 + 1) − 𝑅(𝑛, 𝑠). 

In this paper we limit our discussion to the scalar Volterra integro-differential equation  

 𝑥 ′(𝑡) = 𝑎(𝑡)𝑥(𝑡) + ∫ 𝐵(𝑡, 𝑠)
𝑡

0
𝑥(𝑠)𝑑𝑠, (17) 

where 𝑎 is a given function and 𝐵(𝑡, 𝑠) is continuous for 0 ≤ 𝑠 ≤ 𝑡 < +∞. Then it is clear that (12) and (13) hold for 

(17) by replacing 𝐴(𝑡) with 𝑎 and considering 𝐵(𝑡, 𝑠) and 𝑅(𝑡, 𝑠) as scalar functions with 𝑅(𝑠, 𝑠) = 1. 

By considering the discretization scheme (3) for  

 𝑥 ′(𝑡) = 𝑎(𝑡)𝑥(𝑡) 

and by approximating the integral term with  

 ∫ 𝐵(𝑡, 𝑠)
𝑡

0
𝑥(𝑠) 𝑑𝑠 ≈ ∑ 𝐵(𝑡, 𝑠)𝑥𝑡

𝑠=0 (𝑠)ℎ, (18) 

we arrive at the corresponding discrete Volterra equation, 

 
𝑥(𝑛+1)−𝑥(𝑛)

𝛷(ℎ)
= 𝑎(𝑛)

𝑥(𝑛+1)+𝑥(𝑛)

2
+ ℎ ∑ 𝐵(𝑛, 𝑠)𝑥𝑛

𝑠=0 (𝑠),  𝑛 ≥ 0, 

or  

 𝑥(𝑛 + 1) − 𝑥(𝑛) =
𝑎(𝑛)𝛷(ℎ)

2
𝑥(𝑛 + 1) +

𝑎(𝑛)𝛷(ℎ)

2
𝑥(𝑛) + ℎ𝛷(ℎ) ∑ 𝐵(𝑛, 𝑠)𝑛

𝑠=0 𝑥(𝑠),  𝑛 ≥ 0, 

or  

 
2−𝑎(𝑛)𝛷(ℎ)

2
𝑥(𝑛 + 1) =

2+𝑎(𝑛)𝛷(ℎ)

2
𝑥(𝑛)+ℎ𝛷(ℎ) ∑ 𝐵(𝑛, 𝑠)𝑛

𝑠=0 𝑥(𝑠),  𝑛 ≥ 0, 

or 

 𝑥(𝑛 + 1) =
2+𝑎(𝑛)𝛷(ℎ)

2−𝑎(𝑛)𝛷(ℎ)
𝑥(𝑛) +

2ℎ𝛷(ℎ)

2−𝑎(𝑛)𝛷(ℎ)
∑ 𝐵(𝑛, 𝑠)𝑥𝑛

𝑠=0 (𝑠),  𝑛 ≥ 0, (19) 

where 𝑥(𝑛 + 1) = 𝑥(𝑡 + ℎ),  𝑥(𝑛) = 𝑥(𝑡) and ℎ > 0. The study of Volterra difference systems is important since they 

play a major role in the fields of numerical analysis, control theory and computer science. Thus, finding a 

discretization scheme under which Eq. (19) is consistent with Eq. (17) is important. 

Let 𝑡0 ≥ 0, then for each given bounded initial function 𝜑: [0, 𝑡0] → 𝑅, we say 𝑥(𝑡) = 𝑥(𝑡, 𝑡0, 𝜑) is a solution of (17) 

if it satisfies (17) for 𝑡 ≥ 𝑡0 and 𝑥(𝑡) = 𝜑(𝑡) for 𝑡 ∈ [0, 𝑡0]. For 𝜑: [0, 𝑡0] → 𝑅, we define ||𝜑|| = 𝑠𝑢𝑝{ |𝜑(𝑠)|: 0 ≤ 𝑠 ≤ 𝑡0}. In 

a similar fashion a solution 𝑥(𝑡) = 𝑥(𝑡, 𝑡0, 𝜑) of (19) can be easily defined.  
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Before we proceed any further, we state what it means for the zero solution of (17) and (19) to be uniformly 

stable and uniformly asymptotically stable: 

Definition 2 The zero solution of (17) is stable if for each 𝜀 > 0 and each 𝑡0 ≥ 0, there exists a 𝛿 = 𝛿(𝜀, 𝑡0) > 0 

such that if 𝜑 is a given bounded continuous initial function with ‖𝜑‖ < 𝛿, then |𝑥(𝑡, 𝑡0, 𝜑)| < 𝜀 for all 𝑡 ≥ 𝑡0. The zero 

solution of (17) is uniformly stable (US) if 𝛿 is independent of 𝑡0.  

Definition 3 The zero solution of (17) is uniformly asymptotically stable (UAS) if it is US and there exists a 𝛿0 > 0 

with the property that for each 𝜀 > 0, there exists 𝑇 = 𝑇(𝜀) > 0 such that [𝑡0 ≥ 0, ‖𝜑‖ < 𝛿0, 𝑡 ≥ 𝑇 + 𝑡0]] imply 

|𝑥(𝑡, 𝑡0, 𝜑)| < 𝜀.  

In a similar manner, one can easily state Definitions 2 and 3 for (19). For more on the stability of Volterra integro-

differential equations or Volterra difference equations, we refer the reader to [11] and [12]. 

Now, we will approximate the corresponding resolvent equation for the equation (11). We will use the 

discretization scheme  

 
∂𝑅(𝑡,𝑠)

∂𝑠
≈

𝑅(𝑡,𝑠+ℎ)−𝑅(𝑡,𝑠)

Φ(ℎ)
,  𝑅(𝑡, 𝑠) ≈

𝑅(𝑡,𝑠+ℎ)+𝑅(𝑡,𝑠)

2
, (20) 

where 𝛷(ℎ) is continuous, ℎ > 0 and 𝛷(ℎ) = ℎ + 𝑂(ℎ2), and  

 ∫ 𝑅(𝑡, 𝑢)
𝑡

𝑠
𝐵(𝑢, 𝑠) 𝑑𝑠 ≈ ∑ 𝑅(𝑡, 𝑢 + 1)𝑡−1

𝑢=𝑠 𝐵(𝑢, 𝑠)ℎ (21) 

to discretize (12) when it is in the scalar form to arrive at  

 
𝑅(𝑛,𝑠+ℎ)−𝑅(𝑛,𝑠)

Φ(ℎ)
= −

𝑅(𝑛,𝑠+ℎ)+𝑅(𝑛,𝑠)

2
𝐴(𝑛) − ℎ ∑ 𝑅(𝑛, 𝑢 + 1)𝑛−1

𝑢=𝑠 𝐵(𝑢, 𝑠), 

𝑛 ≥ 𝑠, or  

 
𝑅(𝑛, 𝑠 + ℎ) − 𝑅(𝑛, 𝑠) = −𝑅(𝑛, 𝑠 + ℎ)

Φ(ℎ)

2
𝐴(𝑛) − 𝑅(𝑛, 𝑠)

Φ(ℎ)

2
𝐴(𝑛) 

−ℎΦ(ℎ) ∑ 𝑅(𝑛, 𝑢 + 1)𝑛−1
𝑢=𝑠 𝐵(𝑢, 𝑠),  𝑛 ≥ 𝑠,

 

or  

 
2+Φ(ℎ)𝐴(𝑛)

2
𝑅(𝑛, 𝑠 + ℎ) −

2−Φ(ℎ)𝐴(𝑛)

2
𝑅(𝑛, 𝑠) + ℎΦ(ℎ) ∑ 𝑅(𝑛, 𝑢 + 1)𝑛−1

𝑢=𝑠 𝐵(𝑢, 𝑠) = 0, 

𝑛 ≥ 𝑠, or 

 
2+𝐴(𝑛)Φ(ℎ)

2−𝐴(𝑛)Φ(ℎ)
𝑅(𝑛, 𝑠 + 1) +

2ℎΦ(ℎ)

2−𝑎(𝑛)Φ(ℎ)
∑ 𝑅(𝑛, 𝑢 + 1)𝑛−1

𝑢=𝑠 𝐵(𝑢, 𝑠) − 𝑅(𝑛, 𝑠) = 0 (22) 

if 𝑠 ≤ 𝑛, 𝑅(𝑛, 𝑛) = 1 and 𝑅(𝑛, 𝑠) = 0 if 𝑛 < 𝑠. 

We note that in obtaining the final form of (22), we used the notation 𝑅(𝑡, 𝑠) = 𝑅(𝑛, 𝑠) and 𝑅(𝑡, 𝑠 + ℎ) = 𝑅(𝑛, 𝑠 + 1).  

Throughout this paper we assume that 2 − 𝑎𝛷(ℎ) ≠ 0, which is satisfied whenever 𝑎 < 0 and 𝛷(ℎ) > 0. The next 

lemma is needed for the main results.  

Lemma 1 Let 𝜑(𝑡) be a given bounded initial function. Then 𝑥(𝑛) is a solution of (19) if and only if  

 𝑥(𝑛) = 𝑅(𝑛, 𝑛0)𝜑(𝑛0) + ∑ ∑
2ℎΦ(ℎ)

2−𝑎(𝑠)Φ(ℎ)

𝑛0−1
𝑢=0

𝑛−1
𝑠=𝑛0

𝑅(𝑛, 𝑠 + 1)𝐵(𝑠, 𝑢)𝜑(𝑢),  𝑛 ≥ 0, (23) 

where 𝑅(𝑛, 𝑠) satisfies (22).  
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Proof. To simplify notation we let 𝐶 =
2+𝑎(𝑠)𝛷(ℎ)

2−𝑎(𝑠)𝛷(ℎ)
− 1. Also we let 𝑥(𝑛) be a solution of (19) and 𝑅(𝑛, 𝑠) satisfies (22). 

By summing the expression  

 Δ(𝑅(𝑛, 𝑠)𝑥(𝑠)) = 𝑅(𝑛, 𝑠 + 1)Δ𝑥(𝑠) + (Δ𝑠𝑅(𝑛, 𝑠))𝑥(𝑠) 

from 𝑛0 to 𝑛 − 1 we get  

𝑥(𝑛) − 𝑅(𝑛, 𝑛0)𝜑(𝑛0) = ∑ [𝑅(𝑛, 𝑠 + 1)

𝑛−1

𝑠=𝑛0

𝛥𝑥(𝑠) + (𝛥𝑠𝑅(𝑛, 𝑠))𝑥(𝑠)] 

= ∑ 𝑅(𝑛, 𝑠 + 1)

𝑛−1

𝑠=𝑛0

[𝐶𝑥(𝑠) 

+
2ℎ𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)
∑ 𝐵(𝑠, 𝑢)

𝑠

𝑢=0

𝑥(𝑢)] 

+ ∑ (𝛥𝑠𝑅(𝑛, 𝑠))

𝑛−1

𝑠=𝑛0

𝑥(𝑠) 

= ∑ 𝑅(𝑛, 𝑠 + 1)

𝑛−1

𝑠=𝑛0

[𝐶𝑥(𝑠) 

+
2ℎ𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)
( ∑ 𝐵(𝑠, 𝑢)

𝑛0−1

𝑢=0

𝜑(𝑢) 

+ ∑ 𝐵(𝑠, 𝑢)

𝑠

𝑢=𝑛0

𝑥(𝑢))] + ∑ (Δ𝑠𝑅(𝑛, 𝑠))𝑥

𝑛−1

𝑠=𝑛0

(𝑠) 

(24) 

By noting that  

∑ ∑ 𝑅(𝑛, 𝑠 + 1)

𝑠

𝑢=𝑛0

𝑛−1

𝑠=𝑛0

𝐵(𝑠, 𝑢)𝑥(𝑢) = ∑ ∑ 𝑅(𝑛, 𝑢 + 1)

𝑛−1

𝑢=𝑠

𝑛−1

𝑠=𝑛0

𝐵(𝑢, 𝑠)𝑥(𝑠), 

(24) reduces to,  

𝑥(𝑛) − 𝑅(𝑛, 𝑛0)𝜑(𝑛0) − ∑
2ℎ𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)

𝑛−1

𝑠=𝑛0

𝑅(𝑛, 𝑠 + 1) ∑ 𝐵(𝑠, 𝑢)

𝑛0−1

𝑢=0

𝜑(𝑢) 

= ∑ [𝑅(𝑛, 𝑠 + 1)

𝑛−1

𝑠=𝑛0

2 + 𝑎(𝑠)𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)
− 𝑅(𝑛, 𝑠) 

+
2ℎ𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)
∑ 𝑅(𝑛, 𝑢 + 1)

𝑛−1

𝑢=𝑠

𝐵(𝑢, 𝑠)]𝑥(𝑢) 
(25) 

Since 𝑅(𝑛, 𝑠) satisfies (22), we have the right side of (25) equal to zero and hence (23) .  

Through this paper we assume that  
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 |𝐵(⋅,⋅)| 𝑖𝑠 𝑏𝑜𝑢𝑛𝑑𝑒𝑑. (26) 

Theorem 1 The zero solution of (19) is consistent with respect to uniform stability under the discretization 

scheme (3), (18), (20), and (21) with its continuous counterpart (17) if and only if  
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Proof. The proof for the continuous equation given by (17) follows from [13, Theorem 1]. Now, by (26) and (27) 

there exist a constant 𝐸 > 0 such that  
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 (28) 

Thus, a change of the order of summation in (23) yields,  

|𝑥(𝑛)| ≤ {|𝑅(𝑛, 𝑛0)| + ∑

𝑛0−1

𝑢=0

| ∑

𝑛−1

𝑠=𝑛0

2ℎ𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)
𝑅(𝑛, 𝑠 + 1)𝐵(𝑠, 𝑢)|} ||𝜑|| 

≤ 𝐸||𝜑||. (29) 

Thus (29) implies the zero solution of (19) is uniformly stable. 

Suppose that the zero solution of (19) is US. Then for 𝜀 = 1, there exists a 𝛿 > 0 such that [𝑛0 ≥ 0, 𝜑 ∈ 𝐶(𝑛0), ||𝜑|| ≤

𝛿, 𝑛 ≥ 𝑛0] implies |𝑥(𝑛, 𝑛0, 𝜑)| < 1. Let 𝑚 be a positive integer and define the sequence of functions 𝜑𝑚 by  

 𝜑𝑚(𝑢) = 𝑣𝑎−𝑚(𝑛0−𝑢) 𝑜𝑛 0 ≤ 𝑢 ≤ 𝑛0. (30) 

Let 𝜓𝑚(𝑢) = 𝛿𝑣𝑎−𝑚(𝑛0−𝑢)/2 for 0 ≤ 𝑢 ≤ 𝑛0. Then, |𝜓𝑚(𝑢)| ≤ 𝛿/2. Hence we have |𝑥(𝑛, 𝑛0, 𝜓𝑚(𝑠))| < 𝜀. It is clear from 

(30) that 𝜑𝑚(𝑛0) = 𝑣 and |𝜑𝑚(𝑠)| ≤ 1 for 0 ≤ 𝑠 ≤ 𝑛0. Thus, from (23) we have:  

|𝑅(𝑛, 𝑛0)|
𝛿

2
≤ |𝑥(𝑛, 𝑛0, 𝜓𝑚)| 

+
𝛿

2
∑ |

2ℎ𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)
𝑅(𝑛, 𝑠 + 1) ∑ 𝐵(𝑠, 𝑢)𝑎−𝑚(𝑛0−𝑢)

𝑛0−1

𝑢=0

|

𝑛−1

𝑠=𝑛0

 

≤ 1 +
𝛿

2
∑ |

2ℎ𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)
𝑅(𝑛, 𝑠 + 1) ∑ 𝐵(𝑠, 𝑢)𝑎−𝑚(𝑛0−𝑢)

𝑛0−1

𝑢=0

|

𝑛−1

𝑠=𝑛0

. 

Now, for fixed 𝑛, we have:  

| ∑ (𝑛, 𝑠 + 1)

𝑛−1

𝑠=𝑛0

𝑅 ∑ 𝐵(𝑠, 𝑢)𝑎−𝑚(𝑛0−𝑢)

𝑛0−1

𝑢=0

| → 0 𝑎𝑠 𝑚 → ∞. 

Now (100.1) yields  

 |𝑅(𝑛, 𝑛0)| ≤
2

𝛿
. (31) 

 

(100.1) 
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Next, let 𝜑 ∈ 𝐶(𝑛0) with ||𝜑|| < 1. Define 𝜓 = 𝛿𝜑. Then ||𝜓|| < 𝛿. Thus, by the definition of 𝛿, we have |𝑥(𝑛, 𝑛0, 𝜓)| <

1  for all 𝑛 ≥ 𝑛0. It follows from (19) and (23) that  

| ∑
2ℎ𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)

𝑛−1

𝑠=𝑛0

𝑅(𝑛, 𝑠 + 1) ∑ 𝐵(𝑠, 𝑢)𝜓(𝑢)

𝑛0−1

𝑢=0

| 

≤ |𝑥(𝑛, 𝑛0, 𝜓)| + |𝑅(𝑛, 𝑛0)||𝜓(𝑛0)| 

≤ |𝑥(𝑛, 𝑛0, 𝜓)| + |𝑅(𝑛, 𝑛0)| ||𝜓(𝑛0)|| ≤ 3. 

Hence,  

| ∑ ∑ 𝑅(𝑛, 𝑠 + 1)

𝑛−1

𝑠=𝑛0

𝑛0−1

𝑢=0

𝜙(𝑢)| ≤
1

𝛿
| ∑ ∑ 𝑅(𝑛, 𝑠 + 1)

𝑛−1

𝑠=𝑛0

𝑛0−1

𝑛=0

𝜓(𝑛)| ≤
3

𝛿
|
2 − 𝑎𝛷(ℎ)

2ℎ𝛷(ℎ)
| 

for 𝑛 ≥ 𝑛0 and the proof is complete.  

The next theorem is about uniform asymptotic stability of the zero solution. 

Theorem 2 The zero solution of (19) is consistent with respect to uniform asymptotic stability under the 

discretization scheme (3), (18), (20), and (21) with its continuous counterpart (17) if and only if (27) holds and  

 {|𝑅(𝑡, 𝑡0)| + ∫ | ∫ 𝑅(𝑡, 𝑠)
𝑡

𝑡0
𝐵(𝑠, 𝑢)𝑑𝑠|

𝑡0

0
𝑑𝑢} → 0 (32) 

as 𝑛 − 𝑛0 → +∞ uniformly,  

Proof. The proof for the continuous equation given by (17) follows from [13, Theorem 2.3] As for (17), by Theorem 

1, the zero solution is obviously US. Let 𝐵1 > 0 be given and 𝜑 ∈ 𝐶(𝑛0) on 0 ≤ 𝑠 ≤ 𝑛0 with ||𝜑|| ≤ 𝐵1. Then, it follows 

from using (26) and (27) in (23) that,  

|𝑥(𝑛)| ≤ {|𝑅(𝑛, 𝑛0)| + ∑

𝑛0−1

𝑢=0

∑

𝑛−1

𝑠=𝑛0

|
2ℎ𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)
𝑅(𝑛, 𝑠 + 1)𝐵(𝑠, 𝑢)|} ||𝜑|| 

≤ [|𝑅(𝑛, 𝑛0)| + ∑

𝑛0−1

𝑢=0

∑

𝑛−1

𝑠=𝑛0

|
2ℎ𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)
𝑅(𝑛, 𝑠 + 1)𝐵(𝑠, 𝑢)|] 𝐵1 . 

From (32), it follows that for any 𝜀 > 0, there exists a constant 𝑇 > 0 such that  

[|𝑅(𝑛, 𝑛0)| + ∑

𝑛0−1

𝑢=0

∑

𝑛−1

𝑠=𝑛0

|
2ℎ𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)
𝑅(𝑛, 𝑠 + 1)𝐵(𝑠, 𝑢)|] <

𝜀

𝐵1

 

for all 𝑛 ≥ 𝑇 + 𝑛0. Thus, |𝑥(𝑛)| < 𝜀 for all 𝑛 ≥ 𝑇 + 𝑛0. This implies that the zero solution of (1) is UAS. 

Conversely, suppose that the zero solution of (17) is UAS. Then it is US. Let 𝜑 ∈ 𝐶(𝑛0) with ||𝜑|| ≤ 1. Then, for any 

𝜀 > 0, there exists 𝑇 > 0 such that |𝑥(𝑛, 𝑛0, 𝜑)| < 𝜀 for 𝑛 ≥ 𝑇 + 𝑛0. By making use of (100.1) and by the argument of 

Theorem 1, we have |𝑅(𝑛, 𝑛0)| < 𝜀 for all 𝑛 ≥ 𝑇 + 𝑛0. Now using (19), we get  

∑

𝑛0−1

𝑢=0

( ∑

𝑛−1

𝑠=𝑛0

|
2ℎ𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)
𝑅(𝑛, 𝑠 + 1)𝐵(𝑠, 𝑢)) 𝜑(𝑢)| 

≤ |𝑥(𝑛, 𝑛0, 𝜑)| + |𝑅(𝑛, 𝑛0)| < 2𝜀 
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for all 𝑛 ≥ 𝑇 + 𝑛0. This implies  

∑

𝑛0−1

𝑢=0

∑

𝑛−1

𝑠=𝑛0

|
2ℎ𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)
𝑅(𝑛, 𝑠 + 1)𝐵(𝑠, 𝑢)| < 2𝜀 

for all 𝑛 ≥ 𝑇 + 𝑛0. Therefore,  

{|𝑅(𝑛, 𝑛0)| + ∑

𝑛0−1

𝑢=0

∑

𝑛−1

𝑠=𝑛0

|
2ℎ𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)
𝑅(𝑛, 𝑠 + 1)𝐵(𝑠, 𝑢)|} → 0 

as 𝑛 − 𝑛0 → +∞ uniformly, and this completes the proof.  

3. Applications and Lyapunov Analysis 

In this section, we use Lyapunov functional in terms of the resolvent to verify the condition given in Theorem 2.  

Theorem 3 Consider the scalar equation  

 𝑥 ′(𝑡) = 𝑎(𝑡)𝑥(𝑡) + ∫ 𝑏(𝑡, 𝑠)𝑥(𝑠)
𝑡

0
𝑑𝑠. (33) 

Suppose that there are positive constants 𝛼, ℎ, and 𝐾 with 𝐾 > 1 satisfying the following conditions for 𝑡 ≥ 0:  

1. 𝑎(𝑡) + 𝐾 ⥂ ∫ |𝑏(𝑡, 𝑠)|
𝑡

0
𝑑𝑠 ≤ 0,  

2. For each 𝛼 > 0, there exists ℎ > 0 such that   ∫ |𝑎(𝑠)|
𝑡+ℎ

𝑡
𝑑𝑠 ≥ 𝛼,  

3. 
1

|𝑎(𝑡)|
∫ |𝑏(𝑡, 𝑠)|

𝑡0

0
𝑑𝑠 → 0 as 𝑡 − 𝑡0 → +∞ uniformly on {𝑡|𝑎(𝑡) ≠ 0}.  

The zero solution of (19) is consistent with respect to uniform asymptotic stability under the discretization 

scheme (3), (18), (20), and (21) with its continuous counterpart (33).  

Proof. By the assumptions (i)-(iii), we get the following.  

• −𝑎(𝑛) + 𝐾(⥂ 1 − ∑ |𝑏(𝑛, 𝑠)|𝑛
𝑠=0 ) > 0,  

• For each 𝛾 > 0, there exists ℎ > 0 such that   ∑ |𝑎(𝑠)|𝑛+ℎ−1
𝑠=𝑛 ≥ 𝛾,  

• 
1

|
2+𝑎(𝑛)𝛷(ℎ)

2ℎ𝛷(ℎ)
|
∑ |𝑏(𝑛, 𝑠)|

𝑛0
𝑠=0 → 0 as 𝑛 − 𝑛0 → +∞ 

uniformly on {𝑛|2 + 𝑎(𝑛)𝛷(ℎ) ≠ 0}, and  

•   ∑ |𝑏(𝑢, 𝑠)|∞
𝑢=0 ≤ 𝐵.  

Define the discrete Lyapunov functional, 𝑉(𝑠) on [0, 𝑛 − 1] by  

𝑉(𝑠) = |𝑅(𝑛, 𝑠)| + ∑

𝑛−1

𝑢=𝑠

∑

𝑠−1

𝑣=0

|
2ℎ𝛷(ℎ)

2 − 𝑎(𝑢)𝛷(ℎ)
||𝑅(𝑛, 𝑢 + 1)| |𝑏(𝑢, 𝑣)|, 

where 𝑅(𝑛, 𝑠) is the resolvent of (19) given by  
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2 + 𝑎(𝑛)𝛷(ℎ)

2 − 𝑎(𝑛)𝛷(ℎ)
𝑅(𝑛, 𝑠 + 1) +

2ℎ𝛷(ℎ)

2 − 𝑎(𝑛)𝛷(ℎ)
∑ 𝑅(𝑛, 𝑢 + 1)

𝑛−1

𝑢=𝑠

𝑏(𝑢, 𝑠) − 𝑅(𝑛, 𝑠) = 0, 

if 𝑠 ≤ 𝑛, 𝑅(𝑛, 𝑛) = 1 and 𝑅(𝑛, 𝑠) = 0 if 𝑛 < 𝑠. 

Then, using (i) we have:  

𝛥𝑉(𝑠) = |𝑅(𝑛, 𝑠 + 1)| − |𝑅(𝑛, 𝑠)| 

+ ∑

𝑛−1

𝑢=𝑠+1

∑

𝑠

𝑣=0

|
2ℎ𝛷(ℎ)

2 − 𝑎(𝑢)𝛷(ℎ)
||𝑅(𝑛, 𝑢 + 1)||𝑏(𝑢, 𝑣)| 

− ∑

𝑛−1

𝑢=𝑠

∑

𝑠−1

𝑣=0

|
2ℎ𝛷(ℎ)

2 − 𝑎(𝑢)𝛷(ℎ)
||𝑅(𝑛, 𝑢 + 1)||𝑏(𝑢, 𝑣)| 

≥ (−|
2 + 𝑎(𝑠)𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)
| + 1) |𝑅(𝑛, 𝑠 + 1)| 

−|
2ℎ𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)
||𝑅(𝑛, 𝑠 + 1)||𝑏(𝑠, 𝑠)| 

−|𝑅(𝑛, 𝑠 + 1)| ∑

𝑠−1

𝑣=0

|
2ℎ𝛷(ℎ)

2 − 𝑎(𝑣)𝛷(ℎ)
||𝑏(𝑠, 𝑣)| 

= (1 − |
2 + 𝑎(𝑠)𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)
| − ∑

𝑠

𝑣=0

|
2ℎ𝛷(ℎ)

2 − 𝑎(𝑣)𝛷(ℎ)
||𝑏(𝑠, 𝑣)|) |𝑅(𝑛, 𝑠 + 1)| 

Since 𝛷(ℎ) → 0 as ℎ → 0 and 𝑎 < 0, we have  

|
2 + 𝑎(𝑠)𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)
| < 1 𝑎𝑛𝑑 |

2 + 𝑎(𝑠)𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)
| → 1 𝑎𝑠 ℎ → 0, 

∑

𝑠

𝑣=0

|
2ℎ𝛷(ℎ)

2 − 𝑎(𝑣)𝛷(ℎ)
||𝑏(𝑠, 𝑣)| → 0 𝑎𝑠 ℎ → 0, 

we can choose ℎ > 0 small enough so that  

1 − |
2 + 𝑎(𝑠)𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)
| − ∑

𝑠

𝑣=0

|
2ℎ𝛷(ℎ)

2 − 𝑎(𝑣)𝛷(ℎ)
||𝑏(𝑠, 𝑣)| > 0. 

For such choice of ℎ, there is a positive constant 𝐾1 < 1 such that  

1 − |
2 + 𝑎(𝑠)𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)
| − ∑

𝑠

𝑣=0

|
2ℎ𝛷(ℎ)

2 − 𝑎(𝑣)𝛷(ℎ)
||𝑏(𝑠, 𝑣)| ≥ (

1

𝐾1

− 1) |
2 + 𝑎(𝑠)𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)
|. 

Thus the inequality (100.2), becomes  

 Δ𝑉(𝑠) ≥ (
1

𝐾1
− 1) |

2+𝑎(𝑠)Φ(ℎ)

2−𝑎(𝑠)Φ(ℎ)
||𝑅(𝑛, 𝑠 + 1)|. (34) 

Then we have 𝛥𝑉(𝑠) > 0. 

This yields that for 𝑛 ≥ 𝑛0 ≥ 0, 𝑉(𝑛0) ≤ 𝑉(𝑛) = |𝑅(𝑛, 𝑛)| = 1. That is,  

(100.2) 
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|𝑅(𝑛, 𝑛0)| + ∑

𝑛−1

𝑢=𝑛0

∑

𝑛0−1

𝑣=0

|
2ℎΦ(ℎ)

2 − 𝑎(𝑣)Φ(ℎ)
||𝑅(𝑛, 𝑢 + 1)||𝑏(𝑢, 𝑣)| ≤ 1. (35) 

Hence (28) is satisfied. Thus condition (28) is satisfied and by Theorem 1 the zero solution of (19) is US. 

By summing (34) from 0 to 𝑛 − 1, we obtain  

(
1

𝐾1

− 1) ∑

𝑛−1

𝑠=0

|
2 + 𝑎(𝑠)𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)
||𝑅(𝑛, 𝑠 + 1)| ≤ 𝑉(𝑛) − 𝑉(0) ≤ 1 (36) 

or  

∑

𝑛−1

𝑠=0

|
2 + 𝑎(𝑠)𝛷(ℎ)

2 − 𝑎(𝑠)𝛷(ℎ)
||𝑅(𝑛, 𝑠 + 1)| ≤

𝐾1

1 − 𝐾1

=: 𝐷. 

By (iii), for any 𝜀 > 0 there exists 𝑁1 > 0 such that for 𝑢 ≥ 𝑁1 + 𝑠 − 1 implies  

∑

𝑠−1

𝑣=0

|𝑏(𝑢, 𝑣)| ≤
𝜀

(3 + 𝐵)𝐷
|

2 + 𝑎(𝑢)𝛷(ℎ)

2ℎ𝛷(ℎ)
|. 

Thus, for 𝑛 ≥ 𝑁1 + 𝑠 − 1 we have  

∑

𝑠+𝑁1−1

𝑢=𝑠

|
2ℎ𝛷(ℎ)

2 − 𝑎(𝑢)𝛷(ℎ)
||𝑅(𝑛, 𝑢 + 1)| ∑

𝑠−1

𝑣=0

|𝑏(𝑢, 𝑣)| 

= ∑

𝑛−1

𝑢=𝑠

|
2ℎ𝛷(ℎ)

2 − 𝑎(𝑢)𝛷(ℎ)
||𝑅(𝑛, 𝑢 + 1)| ∑

𝑠−1

𝑣=0

|𝑏(𝑢, 𝑣)| 

+ ∑

𝑛−1

𝑢=𝑠+𝑁1

|
2ℎ𝛷(ℎ)

2 − 𝑎(𝑢)𝛷(ℎ)
||𝑅(𝑛, 𝑢 + 1)| ∑

𝑠−1

𝑣=0

|𝑏(𝑢, 𝑣)| 

≤
𝜀

(3 + 𝐵)𝐷
∑

𝑛−1

𝑢=𝑠+𝑁1

|
2ℎ𝛷(ℎ)

2 − 𝑎(𝑢)𝛷(ℎ)
||𝑅(𝑛, 𝑢 + 1)||

2 + 𝑎(𝑢)𝛷(ℎ)

2ℎ𝛷(ℎ)
| 

+ ∑

𝑠+𝑁1−1

𝑢=𝑠

|
2ℎ𝛷(ℎ)

2 − 𝑎(𝑢)𝛷(ℎ)
||𝑅(𝑛, 𝑢 + 1)| ∑

𝑠−1

𝑣=0

|𝑏(𝑢, 𝑣)| 

≤
𝜀

3 + 𝐵
+ ∑

𝑠+𝑁1−1

𝑢=𝑠

|
2ℎ𝛷(ℎ)

2 − 𝑎(𝑢)𝛷(ℎ)
||𝑅(𝑛, 𝑢 + 1)| ∑

𝑠−1

𝑣=0

|𝑏(𝑢, 𝑣)|. 
(37) 

Let 𝛽 =
𝐾

1−𝐾
 and 𝛼 =

3+𝐵

𝜀𝛽
. By (ii), there exists an ℎ > 0 such that ∑ |𝑎(𝑣)| ≥𝑠+ℎ−1

𝑣=𝑠 𝛼, and  

|𝑅(𝑛, 𝑛𝑠 + 1)|𝛽 ∑ |𝑎(𝑣)| ≤

𝑠+ℎ−1

𝑣=𝑠

𝛽 ∑ |𝑅(𝑛, 𝑢 + 1)|

𝑠+ℎ−1

𝑢=𝑠

|𝑎(𝑢)|, 

for 𝑛𝑠 ∈ [𝑠, 𝑠 + ℎ − 1] and 𝑛 ≥ 𝑠 + ℎ, where  

.|1),(|min|=1),(|
1

++
−+

unRnnR
hsus

s
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Using (36) in the above inequality we arrive at  

|𝑅(𝑛, 𝑛𝑠 + 1)| ≤
1

𝛽 ∑𝑠+ℎ−1
𝑣=𝑠 |𝑎(𝑣)|

<
𝜀

3 + 𝐵
. 

Choose 𝑁 > 1 so that 
𝛽𝑁𝜀

3+𝐵
> 1. For each 𝑛0 ≥ 0 and 𝑛 ≥ 𝑛0 + (𝑁 + 1)(𝑁1 + ℎ − 1), define {𝑛𝑗} with  

𝑛(𝑗 − 1) + 𝑁1 ≤ 𝑛𝑗 ≤ 𝑛(𝑗 − 1) + 𝑁1 + ℎ − 1,   𝑗 = 1,2,3. . . . . 𝑁 

such that  

|𝑅(𝑛, 𝑛𝑗 + 1)| <
𝜀

3 + 𝐵
. (38) 

It follows that 𝑛𝑁 ≤ 𝑛0 + 𝑁(𝑁1 + ℎ − 1) and by (36) we arrive at  

∑

𝑁

𝑗=1

( ∑

𝑛𝑗+𝑁1−1

𝑢=𝑛𝑗

𝛽|𝑅(𝑛, 𝑢 + 1)||𝑎(𝑢)|) ≤ ∑

𝑛−1

𝑢=𝑛0

𝛽|𝑅(𝑛, 𝑢 + 1)||𝑎(𝑢)| ≤ 1. 

Since 
𝛽𝑁𝜀

3+𝐵
> 1, it follows from the above inequality there exists 𝑛𝑘, 1 ≤ 𝑘 ≤ 𝑁 such that  

𝑁 ∑

𝑛𝑘+𝑁1−1

𝑢=𝑛𝑘

𝛽|𝑅(𝑛, 𝑢 + 1)||𝑎(𝑢)| ≤ 1. 

Or,  

∑

𝑛𝑘+𝑁1−1

𝑢=𝑛𝑘

|𝑅(𝑛, 𝑢 + 1)||𝑎(𝑢)| <
𝜀

3 + 𝐵
. (39) 

Since 𝑉(𝑠) is increasing, we have  

𝑉(𝑛𝑘) ≤ 𝑉(𝑛𝑘 + 1). 

Hence, using (37)-(38) and (vi) we arrive at  

|𝑅(𝑛, 𝑛𝑘)| + ∑

𝑛−1

𝑢=𝑛𝑘

∑

𝑛𝑘−1

𝑣=0

|𝑅(𝑛, 𝑢 + 1)| |𝑏(𝑢, 𝑣)| 

≤ |𝑅(𝑛, 𝑛𝑘 + 1)| + ∑

𝑛−1

𝑢=𝑛𝑘

∑

𝑛𝑘−1

𝑣=0

|𝑅(𝑛, 𝑢 + 1)| |𝑏(𝑢, 𝑣)| 

+ ∑

𝑛−1

𝑢=𝑛𝑘+1

|𝑅(𝑛, 𝑢 + 1)| |𝑏(𝑢, 𝑛𝑘)| 

≤
𝜀

3 + 𝐵
+

2𝜀

3 + 𝐵
+

𝐵𝜀

3 + 𝐵
= 𝜀. 

This yields  

|𝑅(𝑛, 𝑛0)| + ∑

𝑛−1

𝑢=𝑛0

∑

𝑛0−1

𝑣=0

|𝑅(𝑛, 𝑢 + 1)| |𝑏(𝑢, 𝑣)| = 𝑉(𝑛0) ≤ 𝑉(𝑛𝑘) < 𝜀 (40) 



Nonstandard Discretization of Volterra Equations Raffoul et al. 

 

29 

for 𝑛 ≥ 𝑛0 + (𝑁 + 1)(𝑁1 + ℎ − 1) ≥ 𝑛𝑘, 𝑁 >
3+𝐵

𝛽𝜀
. Hence condition (2) is satisfied. Next, for 𝑛 ≥ 𝑛0 + (𝑁 + 1)(𝑁1 + ℎ −

1) ≥ 𝑛𝑘 we have by using condition (iv) in (40).  

|𝑅(𝑛, 𝑛0)| + ∑

𝑛−1

𝑢=𝑛0

|𝑅(𝑛, 𝑢 + 1)|𝜆(𝑢) 

≤ |𝑅(𝑛, 𝑛0)| + ∑

𝑛−1

𝑢=𝑛0

|𝑅(𝑛, 𝑢 + 1)| ∑

𝑛0−1

𝑣=0

|𝑏(𝑢, 𝑣)| 

≤ |𝑅(𝑛, 𝑛0)| + ∑

𝑛−1

𝑢=𝑛0

∑

𝑛0−1

𝑣=0

|𝑅(𝑛, 𝑢 + 1)||𝑏(𝑢, 𝑣)| 

< 𝜀. (41) 

Hence the zero solution of (33) is UAS by Theorem 2.7, where we are assuming (26) with 𝐵(𝑡, 𝑠) is being replaced 

with 𝑏(𝑡, 𝑠).  

Example 1 Let 𝑡0 > 0 be fixed. Consider the equation  

𝑥 ′(𝑡) = −3(1 + (𝑡 − 𝑡0)2) +
1

1 + 𝑡2
∫

𝑠

(1 + 𝑠2)2

𝑡

0

𝑥(𝑠)𝑑𝑠,  𝑡 ≥ 0. (42) 

Here  

𝑎(𝑡) = −3(1 + (𝑡 − 𝑡0)2), 

𝑏(𝑡, 𝑠) =
𝑠

(1 + 𝑡2)(1 + 𝑠2)2
,  𝑡, 𝑠 ≥ 0. 

Take 𝐾 = 2. Then  

∫ |𝑏(𝑡, 𝑠)|𝑑𝑠
𝑡

0

=
1

1 + 𝑡2
∫

𝑠

(1 + 𝑠2)2

𝑡

0

𝑑𝑠 

 =
1

2(1+𝑡2)
∫

𝑑(1+𝑠2)

(1+𝑠2)2

𝑡

0
 

 = −
1

2(1+𝑡2)

1

1+𝑠2 |𝑠=0
𝑠=𝑡  

 = −
1

2(1+𝑡2)
(

1

1+𝑡2 − 1) 

 = −
1

2(1+𝑡2)2 +
1

2(1+𝑡2)
,  𝑡 ≥ 0. 

Hence,  

𝑎(𝑡) + 𝐾 ∫ |𝑏(𝑡, 𝑠)|𝑑𝑠
𝑡

0

= −3(1 + (𝑡 − 𝑡0)2) + 2 (−
1

2(1 + 𝑡2)2
+

1

2(1 + 𝑡2)
) 

= −3(1 + (𝑡 − 𝑡0)2) −
1

(1 + 𝑡2)2
+

1

1 + 𝑡2
 

≤ 0,  𝑡 ≥ 0, 
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i.e., (𝑖) of Theorem 3 holds. Next, fix 𝛼 > 0 and 𝑡 ≥ 0. Take ℎ =
𝛼

2
. By the mean value theorem, it follows that there 

exists a 𝜉 ∈ (𝑡, 𝑡 + ℎ) such that  

∫ |𝑎(𝑠)|𝑑𝑠
𝑡+ℎ

𝑡

= |𝑎(𝜉)|ℎ 

= 3(1 + (𝜉 − 𝑡0)2)ℎ 

≥ 3ℎ 

=
3𝛼

2
 

> 𝛼. 

Thus, (𝑖𝑖) of Theorem 3 holds. Moreover, using the above computations, we obtain  

1

|𝑎(𝑡)|
∫ |𝑏(𝑡, 𝑠)|

𝑡

0

𝑑𝑠 =
1

3(1 + (𝑡 − 𝑡0)2)
(

1

2(1 + 𝑡0
2)

−
1

2(1 + 𝑡0
2)2

) 

→ 0 𝑎𝑠 𝑡 − 𝑡0 → ∞, 

uniformly on {𝑡|𝑎(𝑡) ≠ 0}. Therefore all conditions of Theorem 3 hold. By considering the approximations (3) for 

𝛷(ℎ) = ℎ + ℎ2, we find the equation  

𝑥(𝑛 + 1) =
2 − 3(1 + (𝑛 − 𝑡0)2)(ℎ + ℎ2)

2 + 3(1 + (𝑛 − 𝑡0)2)(ℎ + ℎ2)
𝑥(𝑛)

+
2ℎ(ℎ + ℎ2)

2 + 3(1 + (𝑛 − 𝑡0)2)(ℎ + ℎ2)
∑

𝑠

(1 + 𝑛2)(1 + 𝑠2)2

𝑛

𝑠=0

𝑥(𝑠),  𝑛 ≥ 0.

 (43) 

In the figure below are shown the solutions of (43) for 𝑡0 = 2.  

4. Conclusion 

In this paper, we have developed and analyzed a nonstandard discretization scheme for Volterra integro-

differential equations that preserves the uniform asymptotic stability of the continuous system. By employing a 

discretization based on the function 𝛷(ℎ) = ℎ + 𝑂(ℎ2) and introducing appropriate approximations for both the 

derivative and the integral terms, we constructed a discrete analogue that remains consistent with its continuous 

counterpart in the sense of stability preservation. The analysis was performed through the resolvent approach, 

which provided a powerful framework to establish necessary and sufficient conditions for uniform stability and 

uniform asymptotic stability. 

Our main theoretical results demonstrate that, under mild continuity and monotonicity assumptions on the 

kernel 𝐵(𝑡, 𝑠), the discrete resolvent equation retains the essential qualitative features of the continuous resolvent. 

Specifically, Theorems 1 and 2 show that both the uniform stability and uniform asymptotic stability of the zero 

solution are preserved by the proposed discretization scheme. Moreover, by constructing an appropriate discrete 

Lyapunov functional in Theorem 3, we verified that the uniform asymptotic stability of the zero solution is 

guaranteed when the continuous system satisfies analogous inequalities involving the coefficients 𝑎(𝑡) and 𝑏(𝑡, 𝑠). 

This parallelism between the continuous and discrete cases establishes the consistency of the proposed 

nonstandard scheme with respect to the fundamental stability properties. 

The results obtained here strengthen the connection between nonstandard finite difference theory and the 

stability analysis of Volterra-type systems. The discretization framework outlined in this work can serve as a 

prototype for other classes of integro-differential equations, including nonlinear, time-varying, or delay systems. 
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Future work may explore generalizations to multi-dimensional or fractional-order Volterra systems, as well as 

applications in numerical simulations where long-term qualitative behavior such as boundedness and periodicity 

must be preserved. Additionally, extending the present results to systems with stochastic or impulsive effects 

represents a promising direction for further research. 
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